Abstract. Let W = Λ W• be an Iwahori-Weyl group of a connected reductive group G over a non-archimedean local field. The subgroup W• is a finite Weyl group and the subgroup Λ is a finitely-generated abelian group (possibly containing torsion) which acts on a certain real affine space by translations.
Introduction
A Coxeter group is a pair (W, S) consisting of a group W and a generating set S which can be presented using only the relations s 2 = 1 for all s ∈ S together with relations of the form (st) m(s,t) = 1 for some, but not necessarily all, pairs s, t ∈ S.
The most common examples of infinite Coxeter groups are affine Weyl groups, which are groups generated by the reflections across special collections of hyperplanes coming from root systems. The theory of Coxeter groups is both complicated and, especially in the case of affine Weyl groups, highly-developed. Affine Weyl groups are ubiquitous in the subject of smooth representations of algebraic groups over non-archimedean local fields due to their connection with Hecke algebras, and many questions about Hecke algebras can be reduced to questions about affine Weyl groups.
Let F be a non-archimedean local field and let G be a connected reductive It can be shown that any Iwahori-Hecke algebra has a certain presentation consisting of a basis of characteristic functions on double-cosets modulo the Iwahori subgroup together with a certain pair of relations which depend on some numerical parameters coming from G (this presentation is called the Iwahori-Matsumoto presentation due to early work by Iwahori and Matsumoto). The double-cosets here turn out to be represented by the elements of a group called an Iwahori-Weyl group.
The Iwahori-Weyl group is in general a certain semidirect extension of a Coxeter group but its behavior is nonetheless extremely similar to that of a true Coxeter group. Taken together with the parameters, the group-theoretic structure (e.g.
Cayley graph) of this "quasi-Coxeter group" completely controls the ring-theoretic structure of the Iwahori-Hecke algebra H.
Bernstein determined a particularly important basis, whose elements have a straightforward representation-theoretic interpretation, for the center Z(H) in a restricted situation. Lusztig proved that the same recipe works more generally, for the affine Hecke algebra of a reduced root datum. Unfortunately, many IwahoriHecke algebras are not of this form and so are not within the scope of the Bernstein/Lusztig work.
In this paper, I prove a Coxeter-theoretic property of Iwahori-Weyl groups, which is described precisely in the next part of this introduction. The class of all Iwahori-Weyl groups properly contains the class of all affine Weyl groups (this happens when G is almost-simple and simply-connected) and this property is new even in this restricted context. Additionally, there are implications for all IwahoriHecke algebras, since this property can be used to show that suitable collections of functions in the center Z(H) span the center. I apply this in the upcoming [Ros] to extend the Bernstein/Lusztig work to all Iwahori-Hecke algebras.
statement of results.
More precise definitions of everything here are given in §2 and §3.
Let F be a non-archimedean local field and G a connected reductive affine algebraic F -group. Fix a maximal F -split torus A ⊂ G and let W be the corresponding Iwahori-Weyl group, which acts on the vector space V The main result of the paper is the following:
If w / ∈ Λ then there exists s ∈ ∆ aff and (if necessary) s 1 , . . . , s n ∈ ∆ aff such that, setting w
• both (sw ) > (w ) and (w s) > (w ), and
• sw s = w .
Note that the last two properties asserted by the Main Theorem can be unified into " (sw s) > (w )".
Remark 1.1.1. A related result appears in the preprint [HN11] : that for any element w in the extended affine Weyl group of a (reduced) root datum there is a sequence of conjugations by simple reflections, each of which preserves or decreases length, resulting in an element w which is minimal length in its conjugacy class.
Note however that the [HN11] result is also true for finite Weyl groups, originally proven by [GP93] , whereas the Main Theorem here is special to infinite groups (length is bounded on a finite group!).
Denote by Λ/W • the set of W • (Σ)-conjugacy classes in Λ and recall that is constant on any O ∈ Λ/W • . Denote by Ω(w) the Ω-coordinate of any w ∈ W .
Let H be an Iwahori-Hecke algebra for G. By analyzing the equations that define the center Z(H), the Main Theorem can be used to prove dimension bounds for a certain filtration/partition of Z(H):
is the C-subspace of functions supported only on those w for which (w) ≤ L and Ω(w) = τ , and if N L,τ is the total number of
It follows that if {z O } O∈Λ/W• is a linearly-independent subset of Z(H) such that z O is supported only on those w for which (w) ≤ (O) and Ω(w) is the same for all w supporting z O then {z O } O∈Λ/W• is a basis.
1.2. outline of paper. In §2, I set some notation and define most of the objects that will be used throughout the paper. I use several non-standard but convenient notations, and almost all of them can be found here. Two exceptions are a "quasiCoxeter group" and the Hecke algebra on such a group, which are treated in §3 and §8.1, respectively.
In §3, I recall the notion of Iwahori-Weyl group and several of its most important properties, mostly to make explicit the scope of the Main Theorem. Reductive groups do not appear after this section.
In §4, I define what is a marked alcove. This is just a straightforward generalization of the notion of the type of a face of an alcove. This extension is necessary to include Iwahori-Weyl groups, rather than just affine Weyl groups, in the scope of the paper.
In §5, I precisely define the Diamond Property for an element of a Coxeter group.
In short, the Diamond Property is the property asserted by the Main Theorem. I then define an equivalent property that refers only to pairs of alcoves and verify the equivalence of the two definitions.
In §6, I prove some simple geometric lemmas about Weyl chambers, alcoves, hyperplanes, etc. that will be used throughout §7.
In §7, I prove the Main Theorem, divided into three cases. In §7.1, I prove the "dominant case", Proposition 7.1.1, of the Main Theorem: if w / ∈ Λ and w sends the base alcove A • into the dominant chamber C • then w has the Diamond Property.
It is obvious from the hypothesis that (sw) > (w) for all s ∈ ∆ • , and it is not hard to visualize why there also exists s ∈ ∆ • such that (ws) > (w). In §7.2, I prove the "anti-dominant case", Proposition 7.2.1, of the Main Theorem: if w / ∈ Λ and
then w has the Diamond Property. This is the most difficult case and the general case can be reduced to this one (the complexity of the anti-dominant case is in some sense maximal while that of the dominant case is minimal-this can be quantified somewhat by noting that w(
The basic idea is that, by carefully inspecting the relative position and orientation of the alcoves A • and w(A • ), one can perform an infinite sequence of conjugations by ∆ aff which do not decrease length and which continually move the alcoves in "different directions", guaranteeing an eventual length-increasing conjugation by ∆ aff . In §7.3, I finish proving the Main Theorem, showing that for an arbitrary w / ∈ Λ one can repeatedly perform conjugations by ∆ aff which do not decrease length and such that eventually the situation qualifies for the anti-dominant case.
In §8, I use the Main Theorem to give dimension bounds, Proposition 8.3.1, for every subspace in the "length filtration" of Z(H). The term "length filtration" is a slight abuse, since it is necessary to first filter Z(H) by the lengths of its supporting elements and then partition each of those subspaces by the Ω-components of its supporting elements (if Ω is infinite then the subspaces in the length filtration are infinite dimensional, and without refining it further most Iwahori-Hecke algebras would be outside the scope of the paper). 
Notation and Setup
The symbols N, Z, R, and C refer to the natural numbers (including 0), the integers, the real numbers, and the complex numbers.
2.1. root systems and affine Weyl groups. Let Σ be a reduced and irreducible root system. Let W • be the finite Weyl group of Σ, let ∆ • be a simple system for
Let A be the R-vector space spanned by the dual root system Σ ∨ . Let −, − is the total number of hyperplanes separating A from B-see Theorem 5.1.4 in [BGW03] . I also use two extensions of this distance function d:
If R = ∅ is a simplicial subset and A ⊂ A is an alcove then define
If w is a vertex, and R is as before, then I define
In applications, R will be either a single half-space or a Weyl chamber.
Iwahori-Weyl Groups
In this section, I define the object which is the main focus of this paper: the Iwahori-Weyl group.
definition and key properties.
In this subsection, I briefly explain what is an Iwahori-Weyl group and isolate its key properties. The purpose here is merely to explain the scope of the paper, so all proofs are omitted, although I give references whenever possible.
Let F be a non-archimedean local field and let G be a connected reductive affine algebraic F -group. Let A ⊂ G be a maximal F -split torus and set
Certain group homomorphisms called Kottwitz homomorphisms are very useful to understand the theory of parahoric subgroups, and in particular Iwahori subgroups. The Kottwitz homomorphism of a connected reductive affine algebraic
where Ω H is a finitely-generated abelian group whose precise definition is not relevant to this
paper-see §7 of [Kot97] for the definitions of κ H and Ω H (the map κ H occurring here is (7.7.1) in [Kot97] ). The kernel of the Kottwitz homomorphism is denoted
One may define the Iwahori-Weyl group of (G, A) to be the quotient W Third, it is possible that some non-identity elements in Ω M act by the identity on V.
3.2. axiomatization. Using the previous discussion §3.1 as a guide, I now isolate the relevant properties of the Iwahori-Weyl group and present them axiomatically for clarity.
Let N be the group of invertible affine transformations of A which normalize W aff . Fix a finitely-generated abelian group Ω, a group homomorphism ψ : Ω → N , and act by Ω on A via this ψ.
Definition. The Quasi-Coxeter Group W extended from W aff by Ω ψ → N is the semidirect product W aff Ω and acts on A in the obvious way:
for all (w, τ ) ∈ W and a ∈ A. Denote by Ω(w) the projection of w ∈ W into Ω.
Note that if w, w ∈ W are conjugate then Ω(w) = Ω(w ), since Ω is abelian.
Remark 3.2.1. Strictly speaking, the space A on which the quasi-Coxeter group acts is only a proper subspace of the space V on which the Iwahori-Weyl group acts when G is not semisimple. But due to the way that affine root hyperplanes in V are defined, the details of which I omit in this paper, the difference is totally irrelevant from a group-theory perspective. The setup that I use is essentially the same as that
Let Λ ⊂ W be the subgroup consisting of all elements that act by translations on A, and note that Λ is obviously normalized by W • ⊂ W aff . Extend the length function : W aff → N to W by inflation along the projection W aff Ω → W aff .
I impose the following hypotheses:
• QCG2 Assume that Λ is a semidirect complement, i.e. that W = Λ W • .
• QCG3 Assume that is constant on each W • -conjugacy class in Λ.
• QCG4 Assume that Λ is finitely-generated and abelian.
Note that by choice of N , the action by Ω on A permutes the set of hyperplanes in A. Therefore, hypothesis QCG1 is equivalent to the hypothesis that τ (∆ aff ) = ∆ aff for all τ ∈ Ω.
Marked Alcoves
The definitions in this section, which are mostly just a variant on the notion of the type of a face, will be used heavily in §7.2 and §7.3.
Definition. A Labeling of an alcove A ⊂ A is a bijection from ∆ aff to the set of walls of A. A Marked Alcove is a triple (A, v, t) such that A is an alcove, v ∈ A is a special vertex and t is a labeling of A. The Weyl Chamber of a marked alcove 
For each w ∈ W , the w-Labeling is defined to be the bijection t Remark 4.0.2. When Ω = {1}, alcoves are in bijection with w-marked alcoves (simple-transitivity of affine Weyl groups on alcoves) and a labeling is essentially just the assignment to every face of every alcove its type in the usual way.
The following operation will be used frequently in the limiting/inductive arguments of §7.2 and §7.3:
Definition. For any marked alcove (A, v, t) and any s ∈ ∆ aff , the marked alcove such that w = s n · · · s 1 ws 1 · · · s n and (s i · · · s 1 ws 1 · · · s i ) = (w) for all i.
Any w ∈ W is always considered to be laterally-conjugate to itself.
Definition. w ∈ W has the Direct Diamond Property iff there exists s ∈ ∆ aff such that
• sws = w,
• (sw) > (w), and
By using the well-known Lemma 8.1.1, these three properties could be replaced by the single property " (sws) > (w)", but this formulation is not as convenient for me.
Definition. w ∈ W has the Diamond Property iff it is laterally-conjugate to an element with the Direct Diamond Property.
I frequently use the following geometric characterization of length:
Lemma 5.1.1. Let w ∈ W and s ∈ ∆ aff be arbitrary. If H Definition. A pair {A, B} of marked alcoves has the Direct Diamond Property iff there exists s ∈ ∆ aff such that
• both alcoves are on the same side of t A (s), and
• both alcoves are also on the same side of t B (s).
Note that, due to the symmetry in the definition, the Direct Diamond Property refers to unordered pairs of alcoves.
Definition. A pair {A, B} of marked alcoves has the Diamond Property iff it is laterally-conjugate to a pair with the direct diamond property. I first show that the infinite subsequence A kN = t N (A • ), N = 0, 1, 2, . . ., diverges from C, and then I use the triangle-inequality to prove the full limit property.
For any alcove A ⊂ A and radius R ∈ R, let B(A, R) be the set of alcoves B ⊂ A such that d(A, B) ≤ R. It is clear from the "cone" property of Weyl chambers and the boundedness of alcoves that for any R ∈ R, there exists n R ∈ N such that B(t
for all N ≥ n R because otherwise there would be some alcove B ⊂ C such that Let radius R > 0 be arbitrary. Fix n def = k · n R+k (recall k = (t)). For any N ∈ N, let N be the largest m ∈ N such that km ≤ N . Observe that if N ≥ n then N ≥ n R+k . Altogether, if B ⊂ C is an arbitrary alcove and N ≥ n then Remark 7.1.1. Note that it is not important which of the two alcoves is considered the "base" alcove, nor is it important which chamber of the base alcove is considered "dominant". In other words, if A and B are NT-compatible marked alcoves and B ⊂ C A then {A, B} has the Direct Diamond Property. Proof. By hypotheses (2), (3), and (4), Lemma 6.0.3 implies that B 0 is contained on the same side of H as A . Since half-spaces are simplicially-convex, it therefore suffices to show only Umbrella Property (2), i.e. that (B 0 , . . . , B n ) can be extended to a minimal gallery connecting B 0 to A (because then both endpoints of the gallery, and therefore the whole gallery, must be contained in that half-space).
Proof of Main Theorem
Let H i def = B i |B i+1 (i = 0, . . . , n − 1) be all the intermediate walls of the gallery (B 0 , . . . , B n ). Note that H i separates B i from A for all 0 ≤ i < n − 1 by hypothesis (1) (more specifically, Umbrella Property (2)) and for i = n − 1 by hypothesis (5). By the observation preceding this proof, it therefore suffices to show that the alcoves A and A are on the same side of H i for all 0 ≤ i ≤ n − 1. But this is obviously true: if the claim were false for H i , then necessarily H i = H, the only hyperplane separating A from A , which would mean that H separated B i from A, a contradiction to hypothesis (1) (more specifically, Umbrella Property (1)). 
In these circumstances, Induction Lemma implies that ((B 0 , B 1 ), A 1 , H 1 ) is an Umbrella:
• the non-numbered hypotheses of Induction Lemma are true by choice,
• hypothesis (1) is true because ((B 0 ), A 0 , H 0 ) is trivially an Umbrella,
• hypothesis (2) is true by hypothesis on w,
• hypothesis (3) is true by choice of
• hypothesis (4) is true by choice of H 1 because A 1 , A 2 ⊂ C • , and
• hypothesis (5) I now iterate this process.
Let K def = t B1 (s 1 ) be the wall of the marked alcove B 1 labeled by s 1 . If B 1 and A 2 are on the same side of K then K = H 1 (because H 1 separates B 1 from A 2 ) and both B 1 and A 1 are on the same side of K (because H 1 is the unique hyperplane separating A 1 from A 2 and H 1 = K). It is then immediate from the definition that {A 1 , B 1 } has the Direct Diamond Property realized by s 1 and therefore {A • , B}, being laterally-conjugate to it, has the Diamond Property. Otherwise, K separates B 1 from A 2 and by Lemma 5.
) is laterally-conjugate to (A 1 , B 1 ) via s 1 , and therefore also laterally-conjugate to (A • , B).
In these circumstances, Induction Lemma implies that ((B
is an Umbrella:
• the non-numbered hypotheses are again true by choice, the status of hypothesis (2) has not changed, and hypothesis (3) is true by choice of H 2 for the same reason as before, • hypothesis (1) is known by the previous iteration,
• hypothesis (4) is true by choice of H 2 because A 2 , A 3 ⊂ C • , and
• hypothesis (5) If A and B are NT-compatible then {A, B} has the Diamond Property.
In particular, if w ∈ W and w / ∈ Λ then w has the Diamond Property. In the rest of this section §8, I assume given a C-algebra H which, as a C-vector space, has a basis of elements T w indexed by all w ∈ W . Further, denoting the ring operation by * , I assume that the following Iwahori-Matsumoto identities are true in H: for all w ∈ W and s ∈ ∆ aff ,
Note that because of the way that the length function was extended to W , if τ ∈ Ω and w ∈ W then T wτ = T w * T τ . If h ∈ H then denote by h w the coefficient of T w in the linear combination of h with respect to this basis. If h ∈ H and h w = 0 then w is said to support h.
Remark 8.1.1. It is not difficult to show, and I do so in the upcoming [Ros] using ingredients from the Appendix to [PR08] , that any Iwahori-Hecke algebra H of any connected reductive affine algebraic F -group is of the form described above.
Therefore, the results of this section §8 apply to Iwahori-Hecke algebras. If greater generality is desired, one can use a pair a, b : ∆ aff → C of parameter systems and a "generic algebra" as in §7.1 of [Hum90] .
I will need the following slight extension of a well-known property of Coxeter groups:
Lemma 8.1.1. Fix w ∈ W and s, t ∈ ∆ aff .
If (swt) = (w) and (sw) = (wt) then swt = w.
Proof. When Ω = {1}, this is exactly Lemma in §7.2 of [Hum90] . The general case follows immediately from this since Ω permutes ∆ aff and factors through W aff .
8.2. equations defining the center. Denote by Z(H) the center of the ring H.
Fix h ∈ H. It is clear from the Iwahori-Matsumoto relations that h ∈ Z(H) if
and only if h * T s = T s * h and h * T τ = T τ * h for all s ∈ ∆ aff and τ ∈ Ω.
Fix s ∈ ∆ aff . For each x ∈ W , one can use the left-handed Iwahori-Matsumoto relation to compute that the coefficient of
Similarly, one can use the right-handed Iwahori-Matsumoto relation to compute that the coefficient of
It is obvious from the Iwahori-Matsumoto identities that h * T τ = T τ * h if and
It follows that the center Z(H) is the C-subspace of vectors h ∈ H whose Iwahori-Matsumoto coefficients h x solve the (infinite) linear system consisting of the equation h xτ = h τ x for each pair (x, τ ) ∈ W × Ω together with the appropriate equation from
for each pair (x, s) ∈ W × ∆ aff . Define Z L,τ (H) to be the set of all z ∈ Z(H) such that
Note that each Z L,τ (H) is a finite-dimensional C-subspace of Z(H) and that
Recall that if O ∈ Λ/W • then is constant on O and define (O) to be this constant length. It follows that any two t, t ∈ O are laterally-conjugate.
Define N L,τ to be the total number of conjugacy classes O ∈ Λ/W • such that
The following two lemmas show how lateral-conjugacy and the diamond property are related to centers of Hecke algebras:
If w ∈ W is laterally-conjugate to w then z w = z w . Proof. If s ∈ ∆ aff is such that (sws) = (w) then either (sw) < (w) < (ws) or Observe that (for the first time) the purple alcove and the nearest red alcove (its lateral conjugate) have the Direct Diamond Property. Nonetheless, the conclusion of Induction Lemma remains true for several more iterations. An important observation is that the conclusion of Induction Lemma must eventually fail because the Diamond Property is true. 
